Continuity and Differentiability

Main Idea of the Exercise
A function is continuous at x = c if the function is defined at x = ¢ and if the value of the function

at x = ¢ equals the limit of the function at x = c. If fis not continuous at c, we say fis
discontinuous at ¢ and c is called a point of discontinuity of f

Question 1
Prove that the function f(x) = 5x — 3 is continuous at x =0, at x=—3 and at x = 5.
Solution

At x=0
f(0)=5(0) — 3=-3

Li_r)r&f(x) = )lci_r)r(l)(Sx -3)=50)—-3=-3

Therefore, limit and f (0) are same. So, it is continuous
At x=-3

f(-3) = 5(-3) — 3=-18
xlirzgf(x) = leII13(5x —3)=5(-3)—-3=-18

Therefore, limit and f (-3) are same. So, it is continuous
At x=5

f(5) = 5(5) — 3=22
lim £ (%) = lim(5x — 3) = 5(5) — 3 = 22

Therefore limit and f(5) are same. So, it is continuous
Question 2.

Examine the continuity of the function f(x) = 2x> — 1 at x = 3.
Solution

At x=3
f(3) = 2x> — 1 =2(9) — 1=17

limf(x) = lim(2x?-1)=209)-1=17
x—3 x—3

Therefore limit and f(3) are same. So, it is continuous at x=3
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Question 3.

Examine the following functions for continuity.
@ f(x)=x-5

(b) f(x) =1/(x-5) , x #5

(c) f(x) = (x2 -25)/ (x+5), x #-5

(d)f(x)=1[x-9|
Solution
a)f(x)=x-5

The function is clearly defined at every point and f (c) =c-5 for every real number c.
Also,

lim f(x) =lim(x —5)=c—5
X—=C X—=C
Since

f(&) = lim fx)

So, function is continuous at every real number

b) f(x) =1/(x-5) , x #5

The function is clearly defined at every point except x=5 and f (¢) =1/(c-5)
for every real number ¢ except c=5

limf(x) =lim1/(x —5)=1/(c—5)

X—C X—C

Since

fle) = lim f(x)

So, function is continuous at every real number in its domain

c) f(x) = (x2 -25)/ (x+5), x #-5

The function is clearly defined at every point except x=-5 and f (¢) = (c? -25)/ (c+5),
for every real number ¢ except c=-5

lim f(x) = ii_r)ré(xz —25)/ (x+5),=c?-25/(c+5)

X—C
Since

£(©) = lim f(x)

So, function is continuous at every real number in its domain
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d) f(x)=|x-5|
This function can re-written as

[5 x,ifx<5
fix)= [¥=5ifx=5
This function f is defined at all points of the real line.
For continuity in these type of question, we must look for the continuity at the common point and

point outside the common point
Let c be a pointon areal line. Then,c<5orc=5o0orc>5

Case1c<5
f(x)=5-x
f(c)=5-c

lim f(x) =1lim(5-x),=5—-c¢
X—C X—C
Since

f(e) = lim £(x)

Function is continuous at c<5

Case2c>5
f(x)=x-5
f(c)=c-5

lim f(x) =Li_r2(x—5) =c—5

X—C

Since

f(&) = lim f )

Function is continuous at ¢>5

Case3c=5
f(x)=x-5
f(5)=56-5=0

lim f(¥) = lim (5-x) =5-5=0

x—-57

,}H?+f(x) =xll>r§1+(x—5) =5-5=0

Since
Function is continuous at ¢ =5

Hence, f is continuous at every real number and therefore, it is a continuous function.
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Question 4.
Prove that the function f (x) = x" is continuous at x = n, where n is a positive
integer.

Solution

The given function is f (x) = x”
It is evident that f is defined at all positive integers, n, and its value at n is n"

lim f(x) = lim x™ = n"
xX-n x-n

Therefore, f is continuous at n, where n is a positive integer.

Question 5.
Is the function f defined by?

) [x if x<1
X)=: i
1_5. it x> 1
continuous at x = 0? At x=1? At x = 2?
Solution
Atx =0,
f(0) = 0.

lim f(x) = lim(x) =0
x—0 x—0

Therefore, f is continuous at x =0

Atx=1,
f(1) =1.
The left-hand limit of fat x = 1 is,

lim f(x) = lim (x) =1
x—-1" x—-1"

The right-hand limit of fatx =1 1is,
lim f(x) = lim (5) =5
x-1* x—-1t

Therefore, function is not continuous at x=1

Atx=2
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lim f(x) =1lim(5) =5
xX—2 x—-2
Therefore, f is continuous at x = 2

Find all points of discontinuity of f, where fis defined by
Question 6.

|"2,1' +3, il x<2

Filx)=+

| 2 =3, FE 252
Solution

This function f is defined at all points of the real line.

For continuity in these type of question, we must look for the continuity at the common point and
point outside the common point

Let c be a point on areal line. Then,c<2orc=2o0orc>2

It can be easily proved for ¢ < 2 and c> 2. We have seen that in lot of previous example

For c=2
f(2) =2(2)+3=7

The left-hand limit of fat x = 2 is,

lim f(x) = lim (2x+3) =7
X—27 X—27

The right-hand limit of fat x = 2 is,
lim f(x) = lim(2x—-3) =1
x—2t x—2t

It is observed that the left and right hand limit of f at x = 2 do not coincide.
Therefore, f is not continuous at x = 2
Hence, x = 2 is the only point of discontinuity of f.

Question 7.

"_‘{ +3, if x<-3
fx)=¢ 2x, "if —3<x<3
Lﬁx+2. if x>3
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Solution

For x<-3

F(x) = x| +3

Since x is negative in that, we can re-write this as

F(x) = 3-x

This function f is defined at all points of the real line.

For continuity in these type of question, we must look for the continuity at the common point and
point outside the common point

Let c be a pointon areal line. Then,c<-3orc=-3o0or-3<c <3orc=3orc>3

It can be easily proved forc <-3,-3 < ¢ <3 And c> 3 We have seen that in lot of previous
example, we will look at common points

For c=-3
f(-3) =3-(-3) =6

The left-hand limit of f at x = -3 is,
lim f(x)= lim 3—x)=6
x—>—3" xX—>—3"

The right-hand limit of f at x = -3 is,
lim f(x) = lim (-2x)=6
x—--3 x—-3%

Therefore, f is continuous at x = -3
For c=3

f(3) =6(3)+2 =20

The left-hand limit of f at x = 3 is,
Jim 7)< Jip (-20) = =6

The right-hand limit of f at x = 3 is,
lirréf(x) = lir§1+(6x +2)=18
X—> el

It is observed that the left and right hand limit of f at x = 3 do not coincide.
Therefore, f is not continuous at x = 3

Hence, x = 3 is the only point of discontinuity of f.

Question 8.

This material is created by http://physicscatalyst.com/ and is for your personal and non-commercial use
only.




1x .
—l. il x#0
fx)y=4 x

0 ifx=0

Solution

We know for x < 0, |x|]=-x and x> 0, |x|=x, So this function can be written as

x —x .
=lifx<0
L X

flx)=40,ifx=0.

l, ifx=0

X X

This function f is defined at all points of the real line.

For continuity in these type of question, we must look for the continuity at the common point and
point outside the common point

Let c be a point on areal line. Then,c<0orc=0o0r ¢c>0

It can be easily proved for c < 0 And c> 0 We have seen that in lot of previous example, we will
look at common points

For c=0

F(0) =0

The left-hand limit of f at x = 0 is,
Jim £G) = Jip (-1 = -1

The right-hand limit of fat x = 0 is,
lim f(x) = lim (1) =1
x—0 x—0t

It is observed that the left and right hand limit of f at x = 0 do not coincide.
Therefore, f is not continuous at x =0

Hence, x = 0 is the only point of discontinuity of f.

Question 9.
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| Z  ifx<0
fx)y=4 lx|

-1, if x>0
Solution

We know for x < 0, |x|=-x So this function can be written as

F(x)=-1ifx<0
And
F(x) =-1 if x20

This function f is defined at all points of the real line.

For continuity in these type of question, we must look for the continuity at the common point and
point outside the common point

Let c be a point on areal line. Then,c<0orc=0o0r c>0

It can be easily proved for c < 0 And c> 0 . We have seen that in lot of previous example, we will
look at common points

For c=0

F(0) =0

The left-hand limit of fat x = O is,
Jip £G) = Jip (-1 = -1

The right-hand limit of f at x = 0 is,
lim f(x) = lim (—-1) = -1
x—0 x—0%

Therefore, f is continuous at x =0

Hence, there is no point of discontinuity of f.

Question 10.

/ |f_r +1, if x=1
. {nx} | ) .
|1. +1H <]

Solution
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This function f is defined at all points of the real line.

For continuity in these type of question, we must look for the continuity at the common point and
point outside the common point

Let c be a point on areal line. Then,c<1orc=1o0rc>1

It can be easily proved for ¢ < 1 And c> 1 .We have seen that in lot of previous example, we will
look at common points

For c=1

f(1) =1+1=2

The left-hand limit of fat x = 1 is,
i £5) = i (6 + 1) =2

The right-hand limit of f at x = 1 is,
limf(x) = lim(x+1) =2
x—1 x-1t

Therefore, f is continuous at x = 1

Hence, there is no point of discontinuity of f.

Question 11.

X -3, if x<2
ppe® % L

(22 +1," if x>2
Solution
This function f is defined at all points of the real line.
For continuity in these type of question, we must look for the continuity at the common point and
point outside the common point
Let c be a point on areal line. Then,c<2orc=2o0r ¢c>2
It can be easily proved for c <2 And c> 2 .We have seen that in lot of previous example, we will
look at common points
For c=2
f(1) =x3 -3 =8-3=5
The left-hand limit of f at x = 2 is,

lim f(x) = xligl_(x?’ -3)=5

xX—2"
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The right-hand limit of f at x = 2 is,
limf(x) = lim (x2+1) =5
x—2 x—-2%

Therefore, f is continuous at x = 2

Hence, there is no point of discontinuity of f.

Question 12.
[x—1, if x<1

F1x)=:

2, ifx>1

Solution

This function f is defined at all points of the real line.

For continuity in these type of question, we must look for the continuity at the common point and
point outside the common point

Let c be a point on areal line. Then,c<1orc=1o0r c> 1

It can be easily proved for c < 1 And c> 1 . We have seen that in lot of previous example, we will
look at common points

For c=1

F(1) =x"°-1=0

The left-hand limit of fat x = 1 is,

lim f(x) = lim (x1°—1) =0
x—-1" x—-1"

The right-hand limit of f at x = 1 is,
lim f(x) = lim (x?) =1
x—-1 x—-1%

Therefore, f is discontinuous at x = 1

Hence, x = 1 is the only point of discontinuity of f.

Question 13. Is the function defined by

[x+5, if x <1
Fx)=y

x-=5, if x>1

L

a continuous function?
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Solution

This function f is defined at all points of the real line.

For continuity in these type of question, we must look for the continuity at the common point and
point outside the common point

Let c be a point on areal line. Then,c<1orc=1o0or c>1

It can be easily proved for c < 1 And c> 1. We have seen that in lot of previous example, we will
look at common points

For c=1

f(1) =x+5 =6

The left-hand limit of fat x = 1 is,

lim f(x) = lim(x+5)=6

x—1" x-1"

The right-hand limit of f at x = 1 is,
lim f(x) = lim (x —5) = —4
x—1 x-1t

Therefore, f is discontinuous at x = 1

Hence, x = 1 is the only point of discontinuity of f.

Discuss the continuity of the function f, where fis defined by

Question 14.

13, if 0<x<1
fx)=44, if 1<x<3
|5, if 3=x<10

Solution

The given function is defined at all points of the interval [0,10].

For continuity in these type of question, we must look for the continuity at the common point and
point outside the common point

Let c be a pointon arealline. Then,0<c<1orc=10or 1<c<3orc=3or 3<c<10

It can be easily provedfor0<c<1 , 1<c<3,3<c <10 We have seen that in lot of previous
example, we will look at common points

For c=1
f(1)=3
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The left-hand limit of fatx=1is,
lim f(x) = lim (3) =3
x-1" x-1"

The right-hand limit of fatx =1 1is,
lim f(x) = lim (4) = 4
x—-1 x—-1t

Therefore, f is discontinuous at x = 1
For c=3

f(3)=5
The left-hand limit of fatx =3 is,

lim f(x) = lim (4) =4
x—37 x—-37

The right-hand limit of fatx =3 is,
I £ = Jim,5) =5
Therefore, f is discontinuous at x = 3

Hence, fis not continuous atx=1and x=3

Question 15.

2x 1f x<0
fx)=40, if0<x<]

[ 4x, if x>1

Solution
This can be solved similarly above
Answer is f is not continuous only at x = 1

Question 16.
—2, i xE~1

fx)=42x, if 1< x<1
12 Ex>]
Solution

This can be solved similarly above
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Answer is f is continuous at all the points

Question 17.
Find the relationship between a and b so that the function f defined by

£ [ax+1, if x<3
XY= : ’
T |bx+3, if x>3
is continuous at x = 3.

Solution

When the function is continuous at any point, it Left-hand limit, right-hand limit and function
value are equal

lim f(x)=limf(x)=f(3)
F(3) =3a+1

lim f(x) = lim(ax+1)=3a+1
x—-37 x—-37

xllg)+ fx)= ,}L‘?be +3)=3b+3

So
3a+1=3a+1=3b+3

Ora=b + (2/3)

Question 18.
For what value of A is the function defined by

AMxt—=2x), if x<0
X} = ’
i ¥ ol

continuous at x = 0? What about continuity at x =17

Solution

If f is continuous at x=0, then
lim, 4 f(z) =lim, 4+ f(z) = f(0)
f(0) =0
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lim f(x) = lim A(x? —2x) =0
x—-0~ x—-0~

lim f(x) = xllrgl+(4x +1)=1

x—-07t

Since Left hand limit is not equal to right hand limit, Therefore, there is no value of A for which
the function f is continuous at x=0.

At x=1,
f(1)=4x+1=4x1+1=5

lirri fx)= lirq(4x +1)=5
X—> xX—
Therefore, for any values of A, f is continuous at x=1.

Question 19.
Show that the function defined by g(x) = x — [x] is discontinuous at all integral
points. Here [x] denotes the greatest integer less than or equal to x.

Solution

This function g is defined at all integral points
Let n be an integer.

Then,

g(n)=n—[n]=n-n=0

Then left hand limit of f at x=n is

lim f(x) = lim (x —[x]) = lim (x) = lim(x])) =n—-(n—-1) =1
xX-n X-n x-n x-n

Then right hand limit of f at x=n is,

Jim £(2) = lim, (x = [x]) = lim () ~ lim (Ix]) =n.— (n) = 0

So, Left hand limit and Right hand limit are not equal

Therefore, f is not continuous at x=n
Hence, g is discontinuous at all integral points.

Question 20.
Is the function defined by f(x) = x? — sin x + 5 continuous at x = ?

Solution
At x=mr, f(x)=f(11)= Tr2=sinTr+5=12 —~0+5=112+5
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Consider
lim f(x) = lim(x? — sinx + 5)
X—TT X—T

Put x=11+h
If x—1T, then it is evident that h—0

lim f(x) = )lci_r)rilt(xz —sinx +5) = }lli_r}(l)([n + h]? —sin[mr + h] + 5)

X—-T

lim ([ + h)? — sin[r + h] + 5)

= lim[r + h]? — lim sin[m + h] + lim 5
h—-0 h—0 h—-0

=[m+0]*> — lim sin[r + h]+ 5
=[m+0]*> — }liIT(l) [sin(m) cos h + cos(m) sinh] + 5

=1%+5
So, function is continuous at x = 1T

Question 21.

Discuss the continuity of the following functions:
(a) f(x) = sin x + cos x

(b) f(x) = sin x — cos x

(c) f(x) = sin x . cos x

Solution

It is known that if g and h are two continuous functions, then
g+ h,g-h,g.hare also continuous functions.

So, It has to prove first that g (x) = sin x and h (x) = cos x are continuous functions.
Let g (x) = sin x

It is evident that g (x) = sin x is defined for every real number.

g(c) =sin(c)

Let c be a real number. Putx=c+ h

If x - c,thenh — 0
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1im g(x) = limsin x

X —»C X—»C

_ lim sin(c + h)
h—0

_ lim[sinccosh +cos ¢ sin A
h—0

_ lim [sinccosh]+1lim [cosc sin /]

h—0 h—=10
=sinc+0=sinc

So, g(x) is continuous function

Now

Let h (x) = cos x

It is evident that h (x) = cos x is defined for every real number.
h(c) =cos(c)

Let c be areal number. Putx=c+h
Ifx - c,thenh—0
limh(x)=limcosx

limcos(c+h)

i —ad )
= lim [ﬁus ceosh—sincsinh

= limcosceosh—limsinesinh

=il

=cosccosO=sincsin(
=coscxl=sincx0
=wsC
So, h(x) is a continuous function
Therefore, it can be concluded that
(@) f(x) =g (x) + h (x) =sin x + cos x is a continuous function
(b) f (x) =g (x) — h (x) =sin x — cos x is a continuous function
(c)f(x) =g (x) x h (x) =sin x x cos X is a continuous function
Question 22. Discuss the continuity of the cosine, cosecant, secant and cotangent functions.

Solution

Now these functions can be rewritten as
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Cosec (x) =1/sin (x) sin(x) #0
Sec (x) = 1/cos (x) cos (x) #0
Cot(x) = cos(x)/sin(x) sin(x) #0

It is known to us that if g and h are two continuous functions, then

h(z)
gl(z)

()

,g(x)  0is continuous

(i) Ilzw g(x) # 0is continuous

(iii) ﬁ’ h(z) # 0is continuous

Comparing to this, we have h(x) = cos (x) and g(x) =sin(x)
We have already proved the previous question about continuity of these function
So, we can say that

Cosec (x) is continuous at all the point except where sin(x) #0
i.e X #n1T where n €Z

sec (x) is continuous at all the point except where cos(x) #0

i.e X #2n+1)m/2 wheren €Z

Cot(x) is continuous at all the point except where sin(x) #0

i.e X #n1T where n eZ

Question 23.
Find all points of discontinuity of f, where

sinx .
ik T. if x<0
f{-‘T}:‘ ‘1‘- I

x+1l ifx=0

4

Solution

This function f is defined at all points of the real line.

For continuity in these type of question, we should look for the continuity at the common point
and point outside the common point

Let c be a point on areal line. Then,c<0orc=0o0r c>0
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It can be easily proved for ¢ < 0 And c> 0. We have seen that in lot of previous example, we will
look at common points

At c=0
f(0) = 0+1=1
The left-hand limit of fat x = 0 is,

lim £(o) = lim (59 =1

x—-0"

The right-hand limit of f at x = 0 is,
limf(x)=lim(x+1)=1
x—0 x—-0%

Therefore, f is continuous at x = 1

Hence, There is no point of discontinuity of f.

Question 24.
Determine if f defined by

e, | L.
xlsin—, ifx=0
F{x) =+ X

‘ 0, - ifx=0

is a continuous function?

Solution

This function f is defined at all points of the real line.

For continuity in these type of question, we must look for the continuity at the common point and
point outside the common point

Let c be a point on areal line. Then,c<0orc=0o0r c>0

It can be easily proved for c < 0 And c> 0. We have seen that in lot of previous example, we will
look at common points

At c=0

f(0)=0
The left-hand limit of fat x = 0 is,

. ET 2 . l
Jim f(x) = lim (x“sin)
Now we know that, for x#0

.1
-1 Ssm;Sl
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Multiplying by x2
—x? < xzsin% < x? (No change in direction as + is multiplied)

lim (—x?) < lim xzsiniﬁ lim (x?)

x-0" x—-0" x-0"
Or
. o1
0 < lim x?%sin-<0
x—-0" X
So
. o1
lim x%sin==0
x—0" X

Similarly The right-hand limit of f at x = 0 can be proved

. o1
lim x?sin==0
x—0t X

Therefore, f is continuous at x =0

Hence, There is no point of discontinuity of f.

Question 25.
Examine the continuity of f, where fis defined by

£ |'siﬂx—ces,r. if x#0
x)=1
-1, if x=0

Solution

This function f is defined at all points of the real line.

For continuity in these type of question, we must look for the continuity at the common point and
point outside the common point

Let c be a point on areal line. Then,c<0orc=0o0r ¢c>0

It can be easily proved for ¢ < 0 And c> 0. We have seen that in lot of previous example, we will
look at common points

At c=0

f(0)=-1
The left-hand limit of fat x = 0 is,
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lim f(x) = lim (sinx — cosx) = —1
x>0~ x>0~

The right-hand limit of f at x = 0 is,
lim f(x) = lim (sinx — cosx) = —1
x—0 x—-0%

Therefore, f is continuous at x =0

From the above observations, it can be concluded that f is continuous at every point of
the real line.

Thus, f is a continuous function.

Find the values of k so that the function fis continuous at the indicated point in Exercises
26 to 29.

Question 26.
Kk COSx - T
i R § G o= ;
; T—2x 2 T
flx)=+ gt x="—
i i i
|3. if x=—
: 2
Solution

For the function to be continuous at x=11/2, we have

£(3) = Jim £Go

X-m/2
F(1/2) =3
. T kcos(x)
xl—g-;r}zf(x) - xl_g-[r}z T—2X
Letx=1/2+h

When x — 11/2, thenh — 0

kcos(x) _ .. kcos(§+h)

x—-m/2 T—2X h—-0 T[—Z(g+h)

= lim S Ky SR g2
h—-0 —2h 2h->0 h
Now k/2=3
= K=6
Question 27.
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R
f{x}=-~|? ; fx<2

- atx =2

Solution

For the function to be continuous at x=2, we have

f(@) = lim £ (x)
F(2) =4k
The left-hand limit of f at x = 2 is,
lim f(x) = lim (kx?) = 4k
xX-2" xX-2"
The right-hand limit of f at x = 2 is,
g G = Jim () =3
Now
4k=4k=3
Or
K=3/4
Question 28.

o [+, ifx<m
f(x)=+ ;

: ' alx =1
|cosx, if x>m ‘

Solution
For the function to be continuous at x=11, we have

f(m) = lim £ (x)
F(tr) =k 11+1
The left-hand limit of f at x = 1T is,
lim f(x)= lim (kx+1)=km+1
X—TT X—TT

The right-hand limit of fat x = 11 is,
lim f(x) = lim (cosx) = -1
x-mt x-omt
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Now
k m+1=-1
k=-2/ 1T
Question 29.

F2) [kx+1, if x<35

b o E—- i -

: [3x—3, if x> atx =5
Solution

For the function to be continuous at x=5, we have
f(5) = lim f(x)
F(5) =5k+1
The left-hand limit of fat x = 5 is,
lim f(x) = lim (kx+1) =5k +1
xX—57 xX—57

The right-hand limit of fat x =5 s,
,}Héh flx) = ,}H?+(3x —-5)=10
Now

5k+1=10

k=9/5

Question 30.
Find the values of a and b such that the function defined by

5, if x<2
fx)=qax+b, if 2<x<10
21, if x> 10
is a continuous function.

Solution
The function is defined for all the real values and it is given as continuous
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It is also continuous at x=2 and x=10
Let’s check the continuity at those values
At x=2

f(2)=5
The left-hand limit of f at x = 2 is,

lim f(x) = lim (5) =5
xX—2" xX—2"

The right-hand limit of fat x = 2 is,
lim f(x) = lim (ax +b) =2a+b
x—-27% x—-27%

Now

2a+b=5 -(P)

At x=10

F(10)=21

The left-hand limit of f at x = 10 is,

xl_gr(l)_f(x) = xl_l)rlré_(ax +b)=10a+ b

The right-hand limit of f at x = 10 is,
Jim f(o = lim (21) = 21

Now
10a+b=21 --(Q)

From (p) and (q)
a=2 and b=1

Question 31.
Show that the function defined by f (x) = cos (x?) is a continuous function.

Solution

This function f is defined for every real number and f can be written as the composition
of two functions, as,

f=goh, where g (x) = cos x and h (x) = x?

Because g o h =g[h(x)] =cos (x?)
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Now It is known that for real valued functions g and h, such that (g o h) is defined atc, if g is
continuous at ¢ and if f is continuous at g (c), then (f o g) is continuous at c.

So, we just need to prove that g(x) =cos(x) and h(x) =x? are continuous function
First let us prove for g(x)=cos (x)

It is evident that g (x) = cos x is defined for every real number.
g(c) =cos(c)

Let c be areal number. Putx=c+h
If x - c,thenh—0

limJ(x)=limcosx
limcos(c+ h)
1'tIIZIl|L'u:-uL'+..‘L1-'_-JI sinesin J:]
_ ]'n_n_ cosccos h- tin_1|~.inminh
=cosccos0=sincsin()
=coscxl=sincx(

= CO5C
So, g(x) is continuous
Now h (x) = x?

It is evident that h (x) = x? is defined for every real number.
h(c) =c?

lim h(x) = lim(x?) = c¢?

X—C X—C

So, h(x) is continuous

Since both g(x) and h(x) are continuous. F(x) is continuous function

Question 32.

Show that the function defined by f(x) = | cos x | is a continuous function.

Solution

This function f is defined for every real number and f can be written as the composition
of two functions, as,

f=goh, where g (x) =|x] and h (x) = cos x

Because g o h =g[h(x)] =| cos x |
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Now It is known that for real valued functions g and h, such that (g o h) is defined atc, if g is
continuous at ¢ and if f is continuous at g (c), then (f o g) is continuous at c.

So, we just need to prove that g(x) =|x| and h(x) =cos(x) are continuous function
First let us prove for g(x)=|x|

It can be re-written as

g(x)=-x forx<O

=+x for x 20

It is evident that g (x) is defined for every real number.

Forc<0

g(c) =-c

lim g(x) = lim(—x) = —c
X—C X—C

So, it is continuous

Forc=0
g(c) =0

lim g(x) = lim (—x) =0
x—0" x—-0"

Jim g(x) = lim (x) =0
So, it is continuous
Forc>0

g(c) =c

lim g(x) = lim(x) =c¢
X—C xX—C

So, it is continuous

let us prove for h(x)=cos (x)

It is evident that h (x) = cos x is defined for every real number.
h(c) =cos(c)

Let c be areal number. Putx=c+h
If x - c,thenh—20
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limh|x)=limcosx

limcos(c+h)
=il
= Iim[cm ceosh—sincsinh

= limcosccosh—limsinesin bk

=l fg—dll

=cosccosl—=sincsmn0
=coscx]=sincx0

=C0s5C

Since both g(x) and h(x) are continuous. F(x) is continuous function

Question 33.
Examine that sin | x | is a continuous function.

Solution

This function f is defined for every real number and f can be written as the composition
of two functions, as,
f=g o h, where g (x) = sin(x) and h (x) = |x|

Because g o h =g[h(x)] = sin | x|

Now It is known that for real valued functions g and h, such that (g o h) is defined atc, if g is
continuous at ¢ and if f is continuous at g (c), then (f o g) is continuous at c.

So, we just need to prove that g(x) =sin (x) and h(x) =|x| are continuous function

Let g (x) = sin x

It is evident that g (x) = sin x is defined for every real number.
g(c) =sin(c)

Let c be a real number. Putx=c+h

If x - c,thenh—20
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'1img (x) = limsin x

X —»C X—»C

_ lim sin(c + h)
h—0

_ lim[sinccosh +cos ¢ sin A
h—0

_ lim [sinccosh]+1lim [cosc sin /]

h—0 =0
=sinc+0=sinc
So, g(x) is continuous function
Now let us prove for h(x)=|x|
It can be re-written as
h(x) =-x forx<0

=+x for x 20

It is evident that h (x) is defined for every real number.

Forc<0

h(c) =-c

lim h(x) = lim(—x) = —c
X—C X—C

So, it is continuous

Forc=0
h(c) =0

lim hA(x) = lim (—x) =0
x—-0" x—-0"

g, ) = Jim @) =0
So, it is continuous
Forc>0

h(c) =c

limh(x) = lim(x) = ¢
X—C X—C

So, it is continuous

So h(x) is continous

Since both g(x) and h(x) are continuous. F(x) is continuous function
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Question 34.
Find all the points of discontinuity of f defined by f(x) =| x| — |x + 1].
Solution

The two functions, g and h, are defined as

g(x) =[x|
h(x) =[x+1]
Then,f=g—nh

It is known that if g and h are two continuous functions, then g + h,g — h,g.h are also continuous
functions.

So, we just need to prove that g(x) and h(x) is continuous

The continuity of g and h is examined first.

First let us prove for g(x)=|x|
It can be re-written as
g(x)=-x forx<0

=+x for x 20

It is evident that g (x) is defined for every real number.

Forc<0

g(c) =-c

lim g(x) = lim(—x) = —¢
X—=C X—C

So, it is continuous

Forc=0
g(c) =0

lim g(x) = lim (—x) =0
x-0" x—-0"
9.9 = lip, () =0
So, it is continuous

Forc>0
g(c) =c

This material is created by http://physicscatalyst.com/ and is for your personal and non-commercial use
only.




lim g(x) = lim(x) =c¢
X—C xX—C

So, it is continuous
Now let us look

h(x)= [x+1]

It can be re-written as
h(x) = -(x+1) forx < -1

=x+1 for x -1
It is evident that h (x) is defined for every real number.

Forc<-1
h(c) =-(c+1)
limh(x) = ii_r)ré—(x +1)=—-(x+1)

X—C

So, it is continuous

Forc=-1
h(-1) =0

lim h(x)= lim —(1+x)=0
x—->=1" x—->=1"
xgznﬁ h(x) = xl_gnﬁ(x +1)=0

So it is continuous

For c> -1

h(c) =c+1

limh(x) =lim(x+1)=c+1

X—C X—C

So, it is continuous

So, both g(x) and h(x) are continuous

Therefore, f = g — h is also a continuous function.

Therefore, f has no point of discontinuity.
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